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The estimators of covariance function of biperiathiccorrelated random processes — mathema-
tical models of vibration signals with binary staskic recurrence, obtained with using the least
squares method (LSM), are analyzed. It was shown ttese estimators are unbiased and
consistent under the condition of correlation fefehips decaying with the bias rise. The main
LSM-estimator advantage over the component estimatdhe absence of leakage effects,

which can cause significant errors of covariancaratteristics estimation when combination

frequencies have close values. Formulae obtaingtisnpaper for statistic characteristics of

LSM-estimator give an opportunity to calculate mssing errors for specific signal types and
also compare them with the errors of componentnesibn.

Key words: biperiodic nonstationary vibration signal, covariance function estimator, least
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% Hanionaabuuii ynisepeurer “ JIbBiBchKa motiTexHiKa”

IpoananizoBaHo owiHKM KopesiuiiiHol (yHKIil OGimepioguYHO KOPEIbOBAaHMX BHIIAJKOBUX
MpOoLECiB — MaTeMAaTUYHHUX MoJeiell BiOpauiifHUX CHIHANIB 3 TOJABIHHOIO CTOXaCTHYHOIO
MOBTOPIOBAHICTIO, SIKi 3HAXOAATh METOJOM HaiiMEHIINX KBaApaTiB. JIoBeAEHO, 1110 TaKi OLiHKH
€ aCUMITHOTHYHO HE3MIILlCHUMH i CIIyLIHMMH 32 YMOBHU 3aHHUKAaHHS KOPEJALIHHUX 3B’ A3KiB 3
poctoMm 3cyBy. Iloka3aHo, O UM METOJOM MOXKHA YHUKHYTH CHCTEMAaTHYHHX IOXHOOK OILi-
HIOBAaHHS, ITOB’ SI3aHUX 3 €()EKTOM IIPOCOUYBAHHS.

KumiouoBi ciioBa: 6inepioouuno kopenvosano eunadkosi npoyecu, OYiHKa Koperayitinoi gyuxyi,
MeMOoO HAUMEHWUX K8AOPAMIG, ACUMNIMOMUYHA HE3MIWEHICMb | CIYWHICIb, NPOCOYY8AHHSL.

Shafts misalignment, imbalance, inner or outeringllbearing ring skews are
developing distributed faults can cause appearahcavings, delaminations, cracks on
its inner or outer tracks — so called local faultsthis case vibration signals have the
properties of biperiodical nonstationarity [1, 2fhat is, their mean function

m(t) = EE(t), E — mean operator, and covariance functia(h,u) = Eé(t)g(t+u),

g(t) =¢&(t) —m(t), can be represented by Fourier series:
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mt)= Y myewt, 1)

kl0zZ
bt,u)= 3 By (w)e!, 2)
k,10Z
2 2n . . . .
where Ay = k—+IT—, T, and T, are the main periods determined respectively by
1 2

shaft speed and speed of bodies of rotation. Mdmwatcaused by the tooth gear have
similar properties. Then quantitl; is determined in advance by the shaft speed, and
secondT, is determined by the meshing speed.

It follows from formulae (1) and (2) that in theteismined and stochastic parts of
biperiodically correlated random processes mod&GRBP) the properties of oscilla-

tions of the main frequenciosy :i—n, Ao1 :? and multiple to them are described.
1 2

Also combination frequenciek,, , caused by the interaction of both rotation mawes

described. Values ok, can be very close to each other. That's why esiimahe

mean and covariance function by component methedi [dan cause significant leakage
effects. Possibility to avoid these errors by using least square method (LSM) is
shown in [2]. LSM-estimators of mean are unbiased theirs variances on the long

length of realization8(6 > M T;, 8> M,T,, M;,M ,0ON) differ insignificantly from

variances of component estimators. This paperstdd to the analysis of LSM-esti-
mators properties of BPCRP covariance function.
Let us find covariance function estimator minimgifunctional

F| Boo, B ),+BE, ©),. B 0),. B, €)=

9 N, P (3)
=j[z(t,u)— 3 Bm(u)é)‘k't] dt |,
0

I k=—N,

where
By =5 BiW-BIW ], 200 =[50 -MOJ[EC 0 -he+u),

and 0 is the realization length. Functional (3) contaim&nown functionsém (u) that
will be found considering necessary conditionstafistic (3) minimum existence. Let
us rewrite covariance function statistic in a rfiean. Taking into accounB_, _; (u) =

=By (u), where “ " is the conjugation sign we obtain fovariance function

Nz N,
bi(t,u) = Boo(U) + Y. > B (u)coshgt + B (1) sirhygt |+

k=01=1
N2 N2
+IZ kZ: |:Bl((:,—| (U) COS?\k’_ﬂ + Blf,—l (J )Simk,—lt] . (4)
=0k=1

Covariance function of BPCRP as is evident contaidgitional parts with fre-

quenciesk?_—’T and I?, k,l D[l, Nz], and combination harmonics with frequencies
1 2
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k— =1 —. Let us express estimatﬁ(t,u) in the form of series similarly to (4) and

T 2
rewrite functional (3) in the form
~ ~ ~ ~ ~ 8 ~ N2 NZ— ~
F[Boo(u),Bﬁ (U), By (U), By (), By (U)} =I[Z t.u) {Boo(u)+ 2.2 Ba )x
0 k=0I=1"
~ N2 N2 ~ ~ 17
xCcoshyt + By Q)Simklt]+22[5f,—| ()cody _it+ B o )sihy |tJ ] dt. (5)

1=0k=1
These equations are necessary conditions of furadt{®) minimum existence

oF(u) _ -
-0 o,N 0BS(u) |k=LN,

OF(u) _ 0BG (u) |k=0,N; .
aéo()(u) aF(U) | :l’_l ?F(U) =0 | :Tl
0B () 9B, ()

In expanded form these equations are written as:

N, N,
BBoo(u) + 3 Z{Bkl (U)ICOS>\|<|tdt +B3 0 S|mkltdt:|

k=0I=1

+2 Z{ |(U)f005>\k _jtdt + B, |@)fS'n7\k |tdt} [T tupt,
0

1=0k=1]
Boo(u)j COSA ptdlt + ZZ|:BkI g)j oS\t CORtdt + B U j) siyt c@sptdt}

k=01=1]

0
N, N, | DK (U)gcoskk,_ﬂ COR\ ptlt +
= [Z(t,u)cosh ptdt ,

) . 0

ORI B2 | (W[ SinAy it cosh ptclt

Boo(u)j sinAptdt + Z{Bkl (u)j cos\yt sink ptdt + B j Sk gt sihrptdt}

k=01=1]

+ZZ

0
{ |(u)j CoSAy it sim\ptdt + B2 | ¢ ] si\ gt simrptdt}
1=0k=1j 0

0
= [Z(t,u)sink ptdt .
-N,,N,, pz 0. To simplify the analysis of the equation

In these equationg =
system solutions we reassign frequencies accotdifigbles 1 and 2
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Table 1. Frequencies of harmonical part of estimato M(t)

AN, -N, | ANy-Ny+1 Any-1 | Anyo | Ang | A2 AN,N,
AN,-1-N, | AN,-1-N+1 AN,-1-1 | ANy-1,0 | AN,-11 | AN,-1,2 AN,-1N,
NN, N -N,+1 No1 | Nao | Nag | Nop NaN,
N -N, Ni-N,+1 N1 N0 Mg N2 AN,

Noa | Moz Non,
Table 2. Reassigned frequencies of estimatah(t)
W2N, (Np+1) | ... |SON(2Np+1) | ON(2N,+D) | On,241 ON24+2 | o | ON2N, | ON(N+1)
ON,(2N,+1)-1| ... | 9oN,2 WoN,2-1 | NN+ [O(N-DNg#2] . | P21 | D2
OON, (N +3)+2 | .ov | ON,(Np+2)+2 | WON, (Np+2)+2|  O2N,+1 W2N,+2 3N, -1 3N,
OON, (Np+2)+1 | ... |WON,(N,+1)+2| ON, (N, +1)+1|  ON,+1 WN,+2 UPN,-1 | O2N,
w w WN,-1 WN,
Functional (5) after these reassignments has tine fo
F [ Boo. B (U),.B° @) B @),..BL 0)]=
0 R L~ R 2
=] Z(t,U)—[Boo(U)JfZ[Bg(u)coswz”B%U)Siméﬂ dt.
0 r=1
where L = 2N, (N, +1). Necessary conditions of its minimum existence:
F o -F -0, F -0, r-=iL,
0By (u) 0B (u) 0B7(u)
now in expanded form are the following:
A L[ o 8 ]
BBy (u) + D | By (u) [ cosutdt +Bg @ ) simatdt |= [T € u pt,
k=1 0 0 0
)
) ) By (U) [ cosuyt cosa tdt +
By (u)[ cosoy talt + 09 = [Z(t,u) cosuy tdt ,
0 K +Bg (u) [sincat cosytet | °
L 0
)
) ) By (u) [ coswyt sinuy talt + .
By (u) [ sinoy tdt + > 09 = [Z(t,u)sinoy tatt . (6)
0 K +BE (u)[sincagt sinoy tdt | °
L 0

Introducing reassignments
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] ] ]
Cri :ijcoswrt cosatdt, s :ijsinwrt sinatdt,  ay :ijcoswrt sinwtdt ,
%% %% 9%
and also
- 19 - le 5 16
By (u) :ajl(t) dt, B°(u) :gjz(t,u)coswrtdt, BS(u) :gjz(t,u)sinwrtdt ,
0 0 0

rewrite system (6) in the matrix form:

DB(u) = B(u) , 7)
where
. . . . . . T
B(u):[B(u)O,B(u)g,...,B(u)ﬁ,B@)i,...B(Ji] ,
3 3 L e = N N T
B(u)=[B(u)o,B(u)l,...,B(u)°L,B@)i,...B(Jf] ,
[ 1 ¢y Cop - Cq @p @gy - Agq|
CGo €1 Cip -+ Cp Q31 &1 -+ aAp
' ' r=1,2L+1,
D= Co C1 G2 o CL a1 a2 AL =[dl‘k]’ k—12L+1’
81 &y A - @1 Sy Sy v Sy ’ '
8L @y axy &L S S22 vt S

Solution of system (7) can be written as:

;
B(u) = D1B(u) = % B(u),

where |D | is the matrix (8) determinant ar{dﬁk]T is the transposed matrix of
algebraic complements. It follows from the above:

S 1.1 L
EB(u) =—=—EB(u).
|D|
Matrix elementsEB(u) are determined by the formulae

0 0
EBo(u)=%jnk(t,u)dt, E&C@):%jnk(t,u)cosortdt,
0 0

0
EB>(u) :% [y (t,u)sinay tat (9)
0

where
my (t,u) = E[&(t) — )] [&(t +u) -t +u)] =b(t,u) - (t,u),

herewith

£ (t,u) = E[r%(ni(t +U) + ) A+ U) - PO)EQ) |, (10)
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and estimatorsn(t) are determined by the ratios:

E

m(t) m(t) — m(t) = | I\; 'H jE(s)ds:l fo(t) + H jz(s)cosw sds:lf €)+

p=1

1 9 o X ~
{6 !, z(s)smwpsds} four )ﬂ , (11)
where
E .
fp(t) =M p+1,1+ Zl[M p+1q+1coswqt +M p+ 1g+L+ 1SII’I.0qt]
q:

and M, are algebraic complements of the equation systetrixxM =[m,] of order

(2L +1)x (2L + 1), solutions of this matrix are Fourier coefficienfanean [2].
Taking into account series

L
bit,u) = Bo(u) + | B (u) costat + B ()sima |,

k=1
we obtain
17 LT ge s
o Bt = Bp(u)dy + 37| B W)+ B
19 L e s
o Bt cosa ct =By Hrova 22 BE O Hono 1 B 0ok

19 . L
5 bt u)sinytat = By ()deraga+ X BY @Xceraee 1+ B O ars ke o]
0 k=1

Then
[A:Lk]T 2L+1 2L+1
Ib(t u)dt | =— (U)Z dk1A<1+Z[BC(U)Z dic e A1+
|D| I I = k=1
2L+1
+B§(U) Z dk,r+L+1Ak1+i|:l= BO(U), (12)
k=1
[Apﬂyk]T 18 cosu t 2L+ | Acpr
ol {Egb(t,u)dt{sinwrt} } D I[Bo(U) ) kl{AkLerH}+
2L+1 A pra ., At A i1 B (u)
i r+ B Oy r+ = . 13
+Z§L[Br(U) Z “ l{A(,L+p+1}+ w )Z “ 1{'61( L+p+1}:l:l {BS(U)} (13)
It was taken into account that
2L+1 _(ID k=]
rzzld”‘p” _{o, K# .
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Taking into consideration ratios (9)—(13) for bm{ﬁ(t,u)] = Eb(t,u) - b(t,u)

LSM-estimators of covariance function are

~ n L. ~
b(t,u) = Bo(u)+2(3°(u)cosoqt +BS )sirbqt).

=1

Find:
[B(t,u)] =E[éo(U)]+|§Lé)[e[E§°(u)]coscqt +a[|§s u )simqtﬂ,
where
2L
e Bo(u) |= |D|k§ [Be(W) ] A,
. 2L
o[B80 =5 L e[ B A
e[ B =~ %ZL e[ B (W) | Ac s,
herewith

0
e[ Bo(u) | :%jsZ (t,u)dt,
0

0
S[Bk(u)] :%ISZ (t,u) coswtdt ,
0

)
~ 1 .
a[E3k+L(U|)]=6jeZ (t,u)sinwtat .
0
Quantity for zero correlation component estimatmréases in the first part of

function (10) and is the following

el[BO(u)] “\; l{Mn”b(t S— t)dtds+z e“”b(st—s+u)cosuqtdtds+

+Mﬂb(st—s+u)sm tdtds+z p+11”b(st—s+u)cosu sdtds +
. ol 6 oo

00

+z{ p+1q+1”b(st—s,+u)cosm scos;oqtdtds+$”b$t S*tU ¥

M
X COSW,t sim)qsdtdsJ ﬁ”b 61—s+u )sin,sdtds +

+Z{ p+"+1q “b(s t—s+Uu)sinw, sCosytdtds+

M - _ 06
_,_%”b(s,t —s+U)sinwps sirmqtdtds}ﬂ . (14)
00
25
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Analogic quantities for cosine and sine covariat@m@ponents are determined by
the formulae:

&,| BE(u) o
1[ ~k ] {Mlljj‘b(st { %}dtds+2[ 1q+lfjb(s,t—s+u)x
SZ[BE(U)] TIM sinwt ]| S
cosw,t M1,q+|:+199 cosat]
x{sin%t}co%tdtds+—92 g{)b Gt-s+u i siroytods | +

p+1q+1 oSyt
+Z[ o2 ”b(st s+u){ n%t}cosmqt cos,sdtds +

00

M ~ t
+M”b(st s+ u) oS sinwyt coswpsdtds |+
0 oo Sinoyt i

M . .98 cosuw,t LI Mo 29
+—P2EE (s t-s+u) O sinaapsdstt + 3" —P ] [t -s+u)x
o0 sinw,t P 6’

g=1 00
cosut Mo tigeien cosmt
x{ . cosuyt cosopsdtds+—”b $t-s+uj x
sinwt 02 sinwt

xsinwgyt sinwpsdtdsﬂ . (15)

As it seen from the obtained ratios each of quiasti,[By(u)] and sl[Blf'S(u)]
depend on integrals of lype

cosw, t CO%0pS
2”b(st—s+u) e dtds =
00 smookt SInw,S

p
0 -s
:iz EL: [ ms[ | Br(u1+u){cégq(t C.Omps}dul}ds.
r=-Lo

= s sinoyt  sinwps

Similar integrals are obtained also by the analgsiguantities

0 ° o o o
o[ Bow)]= 3] E{m(t) it + ) - (e + u)z(t)}dt , (16)
0
£, By (U) 0 o . .
Z[Ejk ) =] E{rﬁ(t) it +u) - e+ u)z(t)Hc.‘)W}dt . (17)
e BW] % sinayt

Those quantities (14)—(17) tend to zero if condit{®8) is satisfied
lim B.(u)=0 OkOZ. (18)

[u]— oo

Therefore LSM-estimator of covariance function syraptotically unbiased and
estimator bias whe® is finite, is caused not by the leakage effectttmy previous
mean function estimation.
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To calculate estimator variance

. 2L
b(t,u)— {Z&(U)Aﬂl*'Z[Z[ B (WA +1+2C050 t+ B 0 )A 4130+ 15'm)rt]ﬂ

r=11=0
rewrite it in the form

R 1 2L

b(t,U) =_Z Bl (U) fl (t)!
ID [
where
L
1:I (t) = A+1,1+ Z_;I-I:A+1,r+lcoswrt + AH U+ lsim)rt:| .
Then
N N N 2 1 2L
D[b(t,u)]: E[b(t,u)—Eb(t,u)] =57 Y Reg W O ),

K,[=0

where RBKE (u) is the covariance of quantitie®, (u) and B (u): RBKE (u) =

= EB, (u)B (u) - EB, (u)B (u) . For Gauss processes in the first approximation:

00 o o o °
Ree (=5 | E[z(t)z(t +UESE(s+U) —b(t,u)b(s,u)}x
00

costt CO®d S 86 cosw,t Ccow,S
X{ S * }dtds= el [[by(ss- { >k P }dtds.
0

sinwt  sinwys 0 sinwt  sinw,s

Quantity b, (s,t —s+u) is the covariance function of procer;s, u)= E(t)é(t +u):
b, (s,s—t,u)=b(t,s-t)bt+u,s-t)+bg,s-t+upt+us-t-u).
Let us introduce new integration variahle= s—t and change its order:

t  coso,s
* }dtds =

ZHb”(SS tu){smoq(t sinwps

198 coswt Cco%y (+Uuy
'?{) _jt b”(t'ul’u){sin(q(t siny ¢+u; ) dydt =

06
5| [ ) St Gt 1 Lt +
-y sinwyt  sinwy ¢€+uy )
8-y

coswt cosy (+u
-[ -[ B (&L, {sinoq(t sinw (+u1)}dtdu1.

Since covariance functiob, (t,u;,u) is determined by the product of biperiodical

functions b(t,u), it is also biperiodical function and for infinitgeries (2) can be
represented in the form
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by (tug,u)= Y By (g, u)et (19)
k,10Z

It is easy to find quantit, (u;,u), on the basis of series (2). We obtain:

bt,ubt+u,u)= > > By, (Ul)meixkl‘kz"l"Zte_i)‘kiQJ =
K I0Z ko 117

i\t — i
= Z el 12 z Bk;[+t’1,|1+r2(ul)Bk1,|1(ul)eI 4 lluy (20)

r.Rp0Z kq.110Z

iAot ——— —iA
b(t,uy + Wb+ U —U)= 3 €72 Y Bapar, Ur+UW)By W), (21)
r,r,0Z kel 0Z

where is the conjugation sign. So

~ =i — —
By (Up,u) = X €2 B g, (UD)Bi 1, (Up) + B (Ug+ W)Bigl, (U= 0) |- (22)
ke g
If Fourier series (2) are finite for covariance dtion then series (19)—(22) are
also finite.
It follows from (22) that limit ratio is true if calitions (18) are fulfilled
lim B, (u,u)=0 Ok, 10Z.

|u| e
And this means, thaD[B(t,u)] - 0 when 8 - «, namely LSM-estimator of

covariance function is consistent.

As it follows the LSM-estimator of covariance fuinct is asymptotically unbiased
and consistent, namely has all necessary featllograg us to built algorithms based
on it for real data statistical processing. Themadvantage of this LSM-method over
the component estimator is the absence of leakifgeiss which can cause significant
errors of covariance characteristics estimation whembination frequencies have
close values. Formulae obtained in this paper tfatissic characteristics of LSM-esti-
mator give us an opportunity to calculate procegsimors for specific signal types and
also compare them with the errors of componentnasitn.
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