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The problem of axially-symmetric electromagnetic wave diffraction from the perfectly con-
ducting biconical scatterer formed by the finite cone placed in the semi-infinite conical region
is solved rigorously using the mode-matching and analytical regularization techniques. The
problem is reduced to the infinite systems of linear algebraic equations (ISLAE) of the second
kind. The obtained equations admit the reduction procedure and can be solved with a given
accuracy for any geometrical parameter and frequency. The numerical examples of the solution
are presented. The analysis of the source location influence on the far-field pattern for different
geometrical parameters of the bicone is carried out.
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EJIEKTPOMAT'HITHE ITOJIE BUTKA MATHITHOI'O CTPYMY
Y BIKOHIYHOMY CEKTOPI

O. M. Illapa6ypa, . b. Kypuasik
®iznko-mexaniynuii incTuTyT im. I'. B. Kapnenka HAH Yxkpainu, JIbBiB

Po3B’s3aH0 ocecumeTpuuHy 3aqady Audpakimii eTeKTpOMarHiTHOI XBHJII Ha ie€albHO MpPOBII-
HOMY OikOHYCi, c(hOpMOBAaHOMY 3 HAIliBHECKIHYEHHOI Ta CKiHUCHHOI KOHIYHHX ITOBEPXOHB 31
CHIJIBHOIO BicClo cMMeTpii. 3amauy copMyaboBaHO y chepHuHil cHCTeMi KOOPAUHAT i 3BEJICHO
10 MimaHoi KpaioBoi 3axavi ays piBHAHHA [ enpMronbua. J[kepenoM 30ymKeHHs € KpyroBUH
BUTOK MarHiTHOTO CTPyMY, HOMillleHHH y OiKOHIYHY 00J1acTh po3citoBaya, 6ijs HOro BepIINHY.
3a niei yMoBH Ha GopMyBaHHS MMOJIsI B OCHOBHOMY BILUTHBA€ IIONEPEYHa €IEKTPOMArHiTHa XBHU-
n1s1. 3 BUKOPUCTAHHAM METO/y PO3JJICHHS 3MiHHHMX PO3B’sI30K KPaHoBOi 3ajadi MOJJaHO Y BUI-
JS/1 PAAIB BIACHUX MOJ y KOXKHIH 3 mimoOiacTeld, yTBopeHiil Oikorycom. Jlsi 3HAXOMKEHHS
HEBITOMUX KOCQIIiEHTIB PO3KIaLy BUKOPHUCTAHO METOJ CIIPSDKEHHS TAaHTCHLIATBHUX KOMIIO-
HEHT IoJIs Ha Mexax migoomacreil. Tozi 3aiaqy 3BeIeHO 10 PO3B’sI3aHHS MApHUX PiBHSAHB, I10-
JMaHUX y BUMEAAI QyHKIIOHAMBRHUX psfiB. Lli piBHSHHS 3BeIE€HO MO0 HECKIHYEHHOT CHCTEMH JIi-
HIHUX aNreOpUYHMX PIBHSIHB NEPLIOTO POLY 3 BUKOPUCTAHHSIM YMOBH OPTOTOHAIBHOCTI BJIac-
HHUX MOJI PO3CIiIOBaIBbHOT CTPYKTYpH. Llfo cucteMy TpaHC(HOPMOBAHO Y CHCTEMY IPYroro pomy
METOJIOM aHAJTITHYHOI Peryispus3alii, ska nojirae y TO4UHOMY aHalIiTHYHOMY OOCpHEHHI CHH-
ryJSIpHOT YaCTHHU MaTPUYHOTO orepaTtopa audpakuiiinoi 3aga4i. CucremMa piBHSHB JPyroro
POy DOMYCKae pO3B’si3aHHS METOIOM PEIyKIi 3a JOBIIbHUX 3HAYEHb YaCTOTH Ta F€OMETPHY-
HUX TMapaMeTpiB, a OTPHMaHi PO3B’s3KH 3a0€3MEUyIOTh BHKOHAHHS YCiX HEOOXITHHX YMOB,
BKJTIOYAIOYH 1 YMOBY Ha Kparo. CHCTeMy BUKOPHCTAHO AJIS 3HAXOJUKEHHS HEBIOMHX Koedirri-
€HTIB PO3KIIAly PO3CISTHUX TOJIB Y PSAIH 32 BIACHUMH MOJIaMH KOHIYHHX Ta OiKOHIYHOT 06mac-
Teif, a TaKoX VISl PO3PaxXyHKY XapaKTePUCTHUK MU(PAKIIHHOTO MO B 30HI BUIIPOMiHIOBAHHSI.
HaBeneHo kyToBuil po3MOJia MOIYJsi MarHiTHOT KOMITOHEHTH IOJIs B 30HI BUIPOMiHIOBaHHS
JUTsL Pi3HUX 3HAYEeHb KYyTOBHX IapaMeTpiB OiKOHYyca, a TAKOK BCTAHOBJICHO BILIMB Ha Ied po3-
HO/IiJT a3UMYTAJIBHOI KOOPIMHATH MarHiTHOTO JKepera MoJjisi BAPOMiHIOBAHHSI.

KunrouoBi cioBa: cxinuennuii konyc, 6ikonyc, cmpoauti po3e 130K, GHATIMUYHA peyaapu3ayis.
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Introduction. The rigorous solution of the diffraction problem from biconical
structures has attracted attention of scientists due to their application in radio science,
optics and nanotechnologies. The numerous scientific papers were devoted to the
explanation of the phenomena of electromagnetic waves diffraction from the structures
with biconical elements [1-6]. Convenient theoretical models of a biconical antenna
analyzed by the mode-matching techniques were first introduced in [1, 2]. This problem
was solved in a spherical coordinate system by separation of variables. The solution
was represented as a series of sub-regions normal modes, each of which satisfied the
boundary condition, as well as the limited energy and radiation conditions. The infinite
systems of linear algebraic equations (ISLAE) were obtained using the mode-matching
techniques and were solved approximately. Some wave diffraction problems from the
finite bicones as well as from the single cones were analyzed rigorously using the
Wiener—Hopf technique in [6].

Here, we apply the analytical regularization technique, developed in our previous
papers [7-14] to rigorously analyze the far field scattered from the bicone and to study
the source location influence on the far field pattern of the biconical scatterer. The time

dependence is e7! and it is omitted throughout the paper.

Formulation of the problem. Let us consider the perfectly conducting biconical
surface Q =Q; UQ, in spherical coordinate system (r,6,¢), where

Ql:{rE[0,00), 6ZY1; (PE[O,ZTE)}, QZ :{rE(O,al), 9:72; (Pe[oazn)}a

Y2 > Y1 'Y1(2) # 1/2 (See Flg l)

-

Fig. 1. Geometrical scheme of the bicone.
Let bicone Q be excited by the ring source with magnetic current density as
3(r,0) = 18M5(r — 15)8(0 - 0)/(ro Sin Bp), 1)
where Ig“) is the magnetic current, 8(...) is Dirac delta function; ry,0, are source

coordinates, 0<ry<a;, 7, <6y <y,. Nonzero electrical field components E,,Eg,
excited by source (1), are expressed in terms of H,, component as

E, =—_£_Li(sineH ),
ik rsino o0 ¢ @)
Z10
Eo=2=2(rH,).
0 ikrar( o)

Here, k is the wave number, k:k'+ik”:m\/a, k',k">0; ¢ and p are di-

electric permittivity and magnetic permeability of the medium, respectively; Z = .\/u/e
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is the impedance of the medium.

The problem is formulated in terms of H,, — diffracted field component and re-
duced to the solution of the mixed boundary value problem for the Helmholtz equation
[11], which satisfies the boundary condition Eﬁ =0 on Q, radiation condition and
condition of electromagnetic energy limitation, where E! =E! +E, ; E, and E! are
the diffracted field and the incident field produced by source (1), respectively.

Solution of the problem. Let us represent the unknown total magnetic field as

Iy, (P)
Hi o (P e)+|\(/°§Zx(1 _1,2(cose)ﬁ(ppl), (r,0)e Dy,
HY(p.0) = '\7’52 (2) 25 Pin-12(-0056) un((Pl)) (r.0)eD,, (3
n=1
2,(P)
Im\/gnzl X 86 , 1/2(—c036) Kznn(:l.)’ (r,0) € Ds.

Here, D: {r €[0,8),0 €[y1,v2):0<€[0, 27r)} , Dy: {r €[0,8),0 € (y,,w];0 [0, 27[)} :

Ds:{re(a,«).0e@nmloc02m)}; x, x@, x@ are unknown expansion
coefficients; 1,(p), K,(p) are modified Bessel and Macdonald functions; p=sr,
pp=sa; s=-ik; P,_yp(-cos6) is the Legendre function; {zn}:zl, {un }::1 are
growing sequences of real positive roots of transcendental equations

P, —1/2(=cosy;) =0,
R, —1/2(=Cc0sy5) =0
and {vn }::1 is the growing sequence of real positive roots of transcendental equation

Ry, -1/2(c0sy2) =0,
where
Ry-1/2(c086) = R, 1/2(COSO)R, 1/2(—COS Y1) — R, 1/2(—COSB)R, 12 (COS Y ) -
The set of positive roots of function R, _/5(cosy,) starts from v =1/2 and

Vp #N-1/2,if n=2,3,4,.... Function ¥, _;,,(cos0) is determined as

1

- 6’ n =l’
sin
¥y, -1/2(c0s0) =

0
SRy acosO)l n>1;

ij(r,e) is the known field produced by source (1) in the semi-infinite biconical region,

imeg & {va(p)lvj(pO)lrer’

He(r,0) = . (r0)eD;.

ZB b4 -—1/2(0056) (p)K _(po),l’ﬁroy

Here, B; = —pgbjl, )‘PV _12(c0s6y) , pg =Ky,
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-1
Y1, 72 ;
In(ctg—=tg —= , =1

{n(cgzgz)} J

. 1 2v; 0
ov

-1
0 .
- —R, _4pp(cosy,)—R,, _4;o(COSY )} , >l
siny, v?—0,25 v;-1/2 2 oy i 1/2 2

Using the mode matching for Eg(a; +0,0) and H,(a £0,0) and the ortogona-

lity properties of the Legendre functions in the conical and biconical regions we reduce
the problem to the solution of the infinite system of linear algebraic equations of the
second kind by involving the analytical regularization technique [11, 12]:

X - A (A=A )X = AR (4)
Here, X ={x,}>; is the unknown vector, x, = x{(z? ~0.25)P, 1/5(~C0sY,);
A, is the infinite matrix,

Aj |<:3j (pl)Kzn (p1) in=1

{€;¥=1 ={v;¥j=1 U{u;}j= is the growing sequence; Aj, = éf -22; F ={fj¥j= is

the known vector with

_ I (po)

(m) S
Pole bj¥e 1/2(cOSOp) :

f. = e I Ié’;J(pl)

i
01 é] Q{V p}OE)D:]_

E_»j G{Vp}oszl’

and
1, j=1,
co 1
b = sin iR (cosy,) j>1
Y2 o1 v;-12(C08v2) | )24
A{ajn ¥ ma. A i{rg}n i are the regularizing operators, AA=1, | is the

identity matrix;
ajm = (&j - Zm)il,
—157 ' -1
v = {IM_EDTY IM_(2)) (20~ -
Here, M_(v) is the known function determined as
M(V) =M, (VM_(v),

©)

where
R-1/2 (—c0sy7) cos(mv)

(V2 —1/4)P,_y/5(~C0SY2)R, 1/ (COSY,)
and M, (v) = M_(—v) ; M_(v), M_(v) are regular functions in half-planes Re(v) > -1/2,
Re(v) <1/2, respectively; M, (v) = O(v‘”z), if |v|—> o in the regularity regions. The

M(v) =
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unique solution of equation (4) exists in a class of sequences x, = O(n‘l’z) ,ifn—>ow,
and satisfies the Meixner condition at the conical edge.

Numerical examples. All characteristics of the scattered field are calculated using
the reduction method for the solution of the ISLAE (4). The numerical examples of the

normalized total magnetic field distribution |pr(6)| for different position of the
source coordinate 0, is presented in Fig. 2. As follows from the behavior of curves
presented in this figure the radiation maxima of the biconical scatterer Q are formed in

the angle sector y; <0 <y, , if the source is located in the biconical region close to the
tip of the bicone.
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Fig. 2. Influence of the source coordinate 6, on the far-field patterns of the bicone Q: kry = 0.02,
kry =6.28; v, =130% a— v, =40° b -y, =60; 1 -0 =v1; 2— 0 = (y1 + 72)/2; 3—- 6 = 7.

In spite of the small radius of the magnetic ring we observe the effective influence
of the source coordinate 0, on the far field patterns, if the ring of the source moves
towards the semi-infinite conical surface. Therefore, the source parameter 6, of the
magnetic ring source which is located near the biconical tip can be used for modelling
the intensity of radiation of the biconical scatterer.

CONCLUSIONS

The mode-matching and analytical regularization techniques are developed for the
solution of axially-symmetric diffraction problem from the bicone Q, formed by the
finite and semi-infinite conical shoulders. The key equation (4) which solution satisfies
all the necessary conditions is obtained. It is shown that the source parameter 6, of the
magnetic ring source which is located near the biconical tip can be used for modelling
the intensity of radiation of the biconical scatterer.
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