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The correlation and spectral properties of a multicomponent narrow-band periodical non-
stationary random signal (PNRS) and its Hilbert transformation are considered. It is shown that
multicomponent narrowband PNRS differs from the monocomponent signal. This difference is
caused by correlation of the quadratures for the different carrier harmonics. Such features of the
analytic signal must be taken into account when using the Hilbert transform for the analysis of real
time series.

Keywords: polycomponent narrow-band periodically non-stationary random signal, Hilbert
transform, analytic signal.

MOJEJIb BATATOKOMIIOHEHTHOI'O BY3BKOCMYT'OBOI'O
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® HanionabHuii yHiBepcuTeT “JIbBiBCcbKa MoJiTexHika”

Po3rmsHyTO mepiomuunuii HecTanionapuui Bunankosuit curnan (ITHBC), o € cymepro3uiiieto
CTOXaCTHYHO MOJIY/IbOBaHHMX 32 aMIUIITYIOI0 Ta (ha30i0 TapMOHIK 3 KpPaTHHMH YacTOTAMH.
CriekTpr MOIYIISIiN BBaXKallM 30CEPEPKCHUMHI B CMyTaX, MIMPUHA SKUX € MEHIIOIO 3a 0a30By
4acTOTy CHUTHaJTy. MareMaTH4Hy MoJeinb KoiauBaHp y BHrisiai takoro [THBC mmpoxo BuKO-
PHCTOBYIOTB y pi3HHX 00JacTsAX HAyKH 1 TEXHIKH: B CTATUCTHYHIN paaiodi3uii, B Teopil 3B’513-
Ky 1 TenmeMmeTpii, B TEXHIYHIM MiarHOCTHI, T€O(i3UIl Ta OKEaHOJOTii, B CTATUCTUYHIN Tiapo-
aKycTuIi Toulo. BuzHaueHHs mapamerpiB MOAYJILIN y BiOpalisx MOIIKOKSHUX MEXaHi3MiB
JIa€ MOXKJIMBICTh BUSIBUTH Ta 3HAWTH XapakKTepHi pUCH Je(eKTiB Ha paHHIX CTajisfX iX PO3BHT-
Ky. By3pkocMyroBi Moyl MOXKHA YCIIIIHO TIpOaHali3yBaTH, BUKOPUCTABIIN ITEPETBOPEH-
Hs [inpOepTa. Po3risHyTOo KOpensiiiiHi Ta CreKTpajbHi BIACTUBOCTI 0araTOKOMIIOHEHTHOTO
By3bkocmyroBoro ITHBC Ta itoro neperBopenns ['inpbepra. Otpumano ¢popMynu uist koedii-
eHTiB Oyp’e aBTO- Ta B3a€EMOKOPEINSAIIMHNX (YHKIIIH, CIIEKTpaJbHUX TYCTHH CHUTHAIY 1 IX I1e-
petBopenb ['inbbepra, 3HaliaeHi 3B 513k Mk HUMH. [IpoaHanizoBaHO KOpEIIIiHHY Ta CHEKT-
pajbHy CTPYKTYpH aHAJiTUYHOTO CHrHainy. BusBieHO, 110 Ha BiMIHY Bil OJIHOKOMIIOHEHT-
HOTO BY3bKOCMYTOBOTO CHTHAITY aHATITHYHMI CHUTHAJN € IepiOJUIHO HECTAI[IOHAPHUM BHIIAJI-
KOBHM MPOLIECOM, TIPU [[bOMY KUIBKICTh FapMOHIK HOro KopessiiiHoi (yHKUil BABIUi MeHIIa,
HDK KopemsiuiiHoi ¢yHKUil curHamy. BcraHoBieHO, 10 aMIUTITYIH TapMOHIK KOpeJsiitHOl
(GyHKIIT OTHOKOMIOHEHTHOTO BY3bKOCMYTOBOTO CHTHATYy BH3HAYAIOTHCS TUTBKH KOPEISIisIMA
MK KBajpaTypaMH pi3HHX HOMepiB rapMoHik. OTpHMaHi pe3yibTaTH € TEOPETHYHOI0 0a30r0
JUIsl BUKOpUCTaHHs nepeTBopeHHs ['inp0epTa mif 4ac po3B’s3yBaHHs MPAKTUYHKX 3a71ad.

KnrouoBi ciioBa: 6azamoxomnonenmuuii 8Y36K0CMy208Ull nNepioOutHO HeCmayioHapHuLl 8unao-
Ko8uil cueHan, nepemeopents I inbbepma, ananimuynull CueHa.
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The methods of the covariance and spectral analysis of periodically non-stationary
random processes (PNRP) are widely used in the different areas of science and
technology, including radiophysics, geophysics, acoustics, vibrodiagnostics, etc. [1-5].
The possibility of joint consideration of different types of the stochastic recurrence on
the PNRP basis is provided by their harmonic representation [1, 2, 4]:

E(t)= Z&k (t)e", Q)

kez

where &, (t) are jointly stationary random processes; o, = % P is the non-stationa-

ry period, and Z is the set of integer numbers. Each amplitude- and phase-modulated
harmonic of series (1) can be considered as monocomponent signal &(t) and it can be

analyzed using the Hilbert transform. The harmonic modulation can be low- and high-
frequency in comparison with harmonic frequency. The high-frequency modulation oc-
curred, for example, when we considered vibration of rolling bearing with a local defect
[3]. So called envelope analysis is one of the most successful techniques for diagnostics
of faults in rolling bearing elements [6, 7]. The low-frequency modulation also occured
in vibrations during crack initiation [4, 8]; as well as in series of stochastic oscillations
of other physical nature [4, 9]. The aim of this paper is to investigate the properties of the
Hilbert transform of a low-frequency narrow-band periodically non-stationary random
signal (PNRS) and related to it analytic signal set in the form (1).

Assume that series (2) is limited, the number of harmonics is equal to N . Putting

&,(t)=0, we have:

= ZN: g (t)e" ™ = i[&,ﬁ (t)coskagt + & (t)sin kooot]. 2)

k=— =
k=0

Assume also that the values of the power spectral densities of the modulating
processes &, (t) are concentrated in the interval [—% %} Such PNRS we call a

narrow-band PNRS. The conditions of the Bedrosian theorem are satisfied for narrow-
band PNRS and for its Hilbert transform we have:

=3 e sk eosko =S [E ()™ -5 0] @

To simplify the further analysis rewrite (2) in the similer form:

g(t)= g[ék (t)e" ™ +&, (t)e ™ ] 4
Then for the covariance func;ion obtain:
b, (1) =E& ()8 (t+) =2Re{S,,D) +S,(u.0)}, )
where
Siuh= k.il R (u)e et (6)
S, (U,t) = klil R, . (t u)e!t et -

R&?(u)=E§(t)é.(t+u)=§[R5.()+Rk°. -iREW-RIW]L ®
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R, (U)=E& (1) (t+u)= HRkﬂ -R,(W)-i[RE(W)+REW)]], @

and R, (u)=E & (D (t+u); Ry (u)=E& (0)g (t+u); Rﬁf(u>=eéﬁ<t>£f(t+u>:
E_,Oﬁ (1)=& (t)—mg; ék( )=E(t)—mg; me=EEL(t); mg =EE&;(t). Introduce in sum

(6) new indices of summations z=1-k :
S (U t) Zellmﬁu Z R| r| |rmot.
r=1-1
Now change the order of summation (Fig. 1)

Sl(u,t) — Z |rm0t Z R| ) | |Iu)0u + Zelrmot Z R| ) | IIwou ) (lo)

r=—N+1 I=r+1

=N+l

Fig. 1. Changing the order of summation.

The second sum (7) after introducing a new index r =1+k is represented in the
following form:

1+N

S,(u,t) = Ze"“°“ DR (e

1=1 r=l+1
Changing the order of summation we yield:
N+1
S (U t) Zelro)otZR o (u)ell(ogu + z elfO)o[ Z R - (u)ellmou (11)
r=N+2 I=r—N

Proceeding from (10) and (11), we can find the expressions for the coefficients of
the covariance function (5) in the Fourier sense representation:
2N

2N
b (t,u)= > BO (u)e"" =B (u)+ [ C1 (u)cos 2w5t + S (u)sin 204t |

r=-2N r=1

r

Here B® (u):%[c(é)(u)—isfi)(u)] Taking into account (8) and (9) for the
zero™ covariance component we have

B (u) = %i[[Rﬁ (u) + R’ (u) Jcoslou + R (u)sin Iooou}

where Fzzlfs (u) is the odd part of the cross-covariance function R*(u). Hence
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fo(é)(w) == i[ fii (0+loy)+ f (0+lo, )+ fi (0—lo,)+ f (0—loy)+

N ) (12)
+2[ i (0+10,)- f,f°(m—|mo)ﬂ
herewith
c,s 1 T c,s —iou cs l T cs —iou
fa (W):ﬁj Ra (u)e do, fg (m)zz_l‘ R (u)e do,

—0 —0

and f:,fs (o) is the odd part of f™(®). It may be seen from expression (12), that the
bandwidth of the PNRS zero component in the considered case is limited by interval

—Na, —&, N, +20 | Since
2 2

£ (o) < £ (o) fi (), (13)

it follows from (12) and (13) that the bandwidth of any spectral component f, ()

cannot be larger than the bandwidth of f; (o).
For the covariance component of the non-zeroth number we obtain:
1 S C S cs sC H
ct (~u)= > > [[ RO, (W)—-RY,, (u)]coslcoou + [RH,, (u)-R%,, (u)]sm Iwou],
leM;
l . cs sc Cc S H
$© (u) = > > [[ R, () =R, (u) Jeoslogu [ RY,, (u) = R?.,, (u) Jsin Icoou],

leM;
where M, ={1,..,r-1} for r=2,N+1 and M,={r—N,..,N} for r=N+22N.
Then

BI¥ (u) =§i[Ri.,.(u)—Ri.,.(u)—i[Rf:,.(u)—Rf:,.(u)]e"%”], (14)

leM;

and

. fos -1
HORS) f:.,.(w—lwo>—ff.,l(w—lm—i[""(m %)ﬂ' s

oM, +15 (0—loy,)

It can be seen from (15) that the values of the spectral components fr(é) () as
r>N belong to interval [0, ra,].

Proposition 1. The covariance components of the narrow-band PNRS and its
Hilbert transform whose numbers r> N differ only by sign B (u)=-B* (u) and
their cross-covariance components are symmetric odd lag functions and they are
defined by the equality B™ (u)=B{" (u)=-iB{" (u).

Proof. Taking into account the equalities for the spectral fr(g'”)(co) and cross-
spectral f,(“’“)(oo) component of signal (4) and its Hilbert transform (3) [10, 11]:

(@) = H(o) {9 (@),
09 (0) = ~H(0) 1 (@),

20 ISSN 0474-8662. Information Extraction and Process. 2020. Issue 48 (124)



9 (0) =-H(0) { (@),
fr(én) (0)) _ H((D) fr(é) ((D),

and the properties of the spectral components [4] we can rewrite the expressions for the
covariance components

B (u) =J. £ (0)e do,
0

Br(&n) (u) = J' fk(én) ((D)ei“)ud ®, Br(né) (u) = J' fr(né) (0)) e

in the following form

rog

Bfn) (U) = I fr(g) ((D)eia)'-'d()) — 2 I fr(é) ((,0) eiO)udm'
e 0

B:ﬂi) (u) = l:j fr(é)(co_'_ rwo)e—i(nudm+ I fr(‘\:‘:) ((D)eimudo)_ J. fr(é) ((D)ei(oudo) ’
0

0 ray

Br(én) (u) = |J[ fr(i) (0)+ ro, )e—imu _ fr(é) (0)) giou J do.
0

For the spectral component with number r > N
®
£6) (g = { (@), 0€[0, ray, ],

0, o ¢[0, ray|.
Then
j £ (0+ro,)e™™ do =0,
0
J. fr(‘i) (oa)ei“” dw=0,
and hence

rey

B:ﬂ) (U) =— I fr(é) (0)) eiwudm — _I fr(é) ((D) eimudw.
O —00

Br(in) (u) = Br(ni) (u)= _iJ' fr(i) ((D)e“"“dco - J' fr(i) ((D)eimudm
0 —o0
Thus, equality B™ (u) =—B® (u) holds true. m
Similar results can be derived by the direct calculation of the auto-covariance
B! (u) and cross-covariances B (u), B™ (u) on the basis of relations (3) and (4).
For the covariance functions we have:

b, (t,u) =En(t)n(t+u)=2Re{S,(u,t)-S,(u,t)}, (16)
b, (t,u) =EE(t)n(t+u)=2Im{S,(u,t) +S,(u,)}, (17)
b, (t,u) =ER(t)&(t+u)=2Im{S,(u,t) - S, (u,t)}. (18)
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Equalities B{" (u)=B{"(u) and B{" (u)=-B{" (u) follow from (16) for r >N
immediately. The zero™ cross-covariance component is the summand of the sum
S,(u,t). Therefore B{™ (u)=-B{" (u) and

N =
BE (u) = %Z[[Rfl (u) + R, (u) Jsinfoqu - 2R" (u)coslmou], (19)
1=1 '
where Iiff (u) is the odd part of the covariance function Rff (u). Itis easily seen from

equation (19) that B((f”) (u) is the odd lag function. Proceeding from (19) we obtain the
expression for the zero™ cross-spectral component
i N
(@) = D[ @) + £ (0~ log) = @+ hoy) — £ (0 +loy) ]+
1=1
2 7 (@+log) + i (0—lw,) ]|

which allows us to conclude that in this case the equation
B\ (u)=—[ £ (o)sinoudo
0

is also true.
The cross-covariance components Bﬁ”)(u), r>N, are the summand of the sum

S,(u,t), therefore equality B!™(u)=B{"(u) follows from (17) and (18) imme-
diately. The expression for B™" (u) we obtain from (11):

Br(én)(u) = _% i |:chil,l )+ R (u) +i |:R::—I, (U) =R, (U)]}e“mou- (20)

leM

The comparison of (14) and (20) reveals that B (u)=-iB{® (u) for r > N.
Now we can formulate the following proposition.

Proposition 2. If the covariance functions of the quadratures of the individual
harmonics for PNRS satisfy the conditions

Ra (U)+Rg (u)=0 or RF (u)—Rg (u)=0
for numbers k =1, the analytic signal £(t)=¢&(t)+in(t)is periodically non-stationary
and its covariance function is defined by the series

b ()= 3 B (u)e™,
where o
B (u) = lNzl[[Rﬁ (1) + R (u) Joosla,u + RE (u)sinleogu +
iR+ Ry (0) Jsinlogu - R (u)coslcoou}
and
B () = D[R, )+ R () -1 RE, () - RE, ()], 1)

leM,
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{L...,r+N} forr<N,
{r+1..,N} forr<N,
components lie outside the interval [0, ra,|.
Proof. Taking into account equalities B{" (u)=-B{" (u) and B (u)=B"(u)
for r>N we come to the conclusion that series for the covariance function contains

only N —1 harmonics. We obtain the expressions for the covariance components using
the relations (5)—(7) and (16)—(18) and

b, (t,u) =b, (t,u) +b, (t,u) +i[b, (t,u)~b . (t.u)].

herewith the set Mzz{ and the values of the spectral

We have
b, (t,u) +b, (t,u) =2 NZNl 1.2M [[R,ﬁ,,, (u) + R, (u) Jcos (rot +lwgu) +
+[R%(u) +1Rfl° (W) Jsin (roqt +1ogu) |
b, (t,u) —b,, (t,u) =2 NNl U% [[RE 4 (W) + R, () Jsin (oot + loogu) -
[R5 —ZR.ST (u) Joos(rogt +logu) |
Hence
0.(00) = 37 & 3[R, ()R, () -i[RE 0 -RE, )]

Note that we obtain the same formula for the covariance function using the series
for the analytic signal

g(t)=&(t)+in(t)

k=1

N | & (t)(coskagt +isinkagt)—
—i[ &} (t)(coskat + isinka,t

)]] = Zkié(t)e‘k‘”“‘.

Proceeding from (21) for the spectral components of the analytic signal we get

= -5 (o—loy)

£ (@) = Z{f.ﬂ,.(w—lwm f.i,.(oo—lc%)—{f”! (m_'%)_” 22)

The values of the summation index 1 =1, N +r for r<0 and I=r+1LN I =1 N +r for
r>0, ie. forall I, inequality 1>r is satisfied. In this case, as it follows from (22),
the values of the spectral components fr“)(oa) lie outside the interval [0, rm,] for
Vi=—N+1LN-1.m

The variance of the analytic signal is equal to

bg (t,0) = N24 BF(C) (o)eirwot _
r=—N+1
—B(0)+ 2sz1 i [[R,i (0 +RE,(0) |cosrat +[ RE, ()~ R¥, ,(0) ]sin rcoot],
r=1l=r+1
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N
herewith B{*(0)=>"[ RF(0)+R;(0) ] The degree of the periodical nonstationarity of

1=1
the analytic signal

N-1
Y [B90)
Y — r=1

Bi”(0)

is not equal to zero only in the cases when the cross-covariance functions of the
quadrature components for different numbers are not equal to zero at point u =0.

The obtained results show that the properties of analytic signal for polycompo-
nent PNRP differ from that for monocomponent signal. It is periodically non-stationary
random process. This non-stationarity is caused only by correlation of the quadrature
for the different carrier harmonics. Such features of the analytic signal must be taken
into account when using the Hilbert transform for the analysis of real time series.
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