UDC 52.17 DOI: https://doi.org/10.15407/vidbir2023.51.039

IMPLEMENTATION OF RADON TRANSFORMATION
BY ROTATING 1D INTERFEROMETER
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The use of interferometry to observe objects iraktimensional space requires a correspon-
ding rank of the system of interferometric basetmex The paper considers one of the ways to
solve such a problem using the rotation of a 1Brfetometer at an angle to the rotation axis
This, with the exception of special cases of palialh or perpendicularity of the axes, makes it
possible to form a consecutive 3D interferometesing the rotation of the Earth, such an inter-
ferometer performs Radon transform of the angutaicgire of the spatial image when obser-
ving sources far beyond the size of the interfetembase. For this, the elements of the inter-
ferometer should be placed at different latituddse obtained analytical expressions show that
the two-dimensional representation of one-dimeraipnojections as a function of the rotation
angle then takes the form of a sinogram. A rotatibginterferometer can be used in a number
of fields of science and technology, for examptesolve location problems, in ultrasonic de-
fectoscopy, in technical vision systems, in radiz@omy, etc.

Keywords: 1D interferometer, synthesis of 3D interferometer, sinogram, angular intensity
distribution.

PEAJIIBAIISA IEPETBOPEHHS PAJJOHA
OBEPTOBHUM 1D IHTEPOEPOMETPOM

A. B. Jlo3uncekuii, O. JI. IBanTumuH, b. I1. Pycun
®Dizuko-mexaHiunumii incTutyt im. I'. B. Kapnenka HAH Ykpainu, JIbBiB

Jlns criocTepekeHHs 00’ €KTIB y TPUBUMIpPHOMY IIPOCTOPI 3 HomoMororo inTepdepomerpii B 3a-
TaJbHOMY BHIQJKy HEOOXIMHHMH BiAMOBIAHUI paHT CHCTEMHU BEKTOpIB 0a3 iHTepdepomeTpuy-
HOi cucremu. Posrisanyro nocninosruii cunre3 3D inTepdepomerpa Ha ocHOBI obepranus 1D
iHTepepomMeTpa, HAXWICHOTO MiJ KyToM 10 oci oGepraHHs. [HTepdepomeTp CKIamaeTsCs 3
HEepyXOMoi, po3TaiioBaHol Ha oci obepranHs, i pyxomoi anrteH. Ilin 4ac obepraHHs pyxoma
AHTEHA PYXa€ThCA MO KOJY, LEHTP SKOTO TAKOXK JIEKUTh Ha oci oOepTaHHsA. B oMy BUNanKy
BEKTOp iHTep(hepoMeTpryIHOI 0a3u ONUCY€E NPSAMUI KPYTOBHH KOHYC 1 Ma€ HE3MiHHY JTOBXKUHY.
3aBasgKu 00EpTaHHIO HAXWIICHOTO iHTEep(epoMeTpa, 3a BUHATKOM HOro MapanenbHOCTI UM Mep-
NEHANKYIIPHOCTI 10 Oci 00epTaHHs, IOCIIJOBHO YTBOPIOETHCS iHTEphEepOMeTpUIHA CUCTEMA.
Panr cucremu BekTopiB 11 iHTepdepomerpuanHux 6a3 Tol piBHUHA TppoM. OTpuMaHHil B 3aranb-
HOMY BHTJIIII PO3B' 30K HE OOMEXYETHCS BY3bKHM MOJIEM 30pY, HE BUMAarae IUIOIIUHHOCTI
00’ €KTHOI CLIEHH, TO3BOJISIE OJHOYACHO CIIOCTEpIiraTi 0arato 00’ €KTiB K OJM3BKUX, TaK 1 Bij-
JTAJICHUX 3 BU3HAYEHHSM BiAIadi IO HUX. PO3MIISTHYTO MOJIIMBOCTI 3aCTOCYBaHHSI 00E€PTOBOTO
1D inrepdepomerpa B pamioacrporomii. [Tokasano, 1m0 3a BHKOpHCTaHHS OOepTaHHS 3emiti
Takuil iHTepdepomerp 3ailicHIoE mepeTBopeHHs PagoHa KyTOBOI CTPYKTYpH IPOCTOPOBOTO
300pakeHHs il 9ac CIIOCTePEKEHHs DKeped, BiJali 10 SKUX CYTTEBO MEPEBUILYIOTH PO3MIp
6a3u inTepdepomerpa. Haxunenuit inTepdepomerp peasi3yroTh 3a pO3MIILEHHS HOTO eJeMeH-
TiB Ha Pi3HHX IIMPOTaX. 3 OTPUMAHMX aHAJTITHYHHX BHPA3iB BUILIMBAE, IO IBOBUMIipHE MO/aH-
Hsl OZIHOBUMIPHHX IPOEKIIil 3aJ€XHO BiJ KyTa OBOPOTY MpHilMae BUIJISLJ CHHOTPaMH, HPH
[[bOMY PI3HHIISI B IOBIOTaX €IEMEHTIB iHTep(hepoMeTpa 3MIHIOE TLIBKH 3MIIIEHHS IOYaTKy CH-
Horpamu. ToOTO 3a HAOMIKEHHS IJIOCKOT XBHJII Ha3eMHUIT IBOETIEMEHTHHUI iHTEepdhepoMeTp Xa-
paKkTepU3yeThCs JBOMA MapaMeTpaMy — BEJIMYMHOI0 0a3u i KyToM ii Haxuily A0 oci obepraHHs
3emuti. O6eproBuii 1D inTepdepomerp MOXKHa 3aCTOCYBaTH y HU3LI 00IacTeil HAYKH i TEXHIKH,
HAMpPUKIAJ, Ui 3a/1a4 JoKalii, B yIbTPa3ByKoBill nedeKTockorii, B cHCTeMaX TEeXHIYHOTO 30-
PY, B paioacTpoHOMii.

Konrouosi cioBa: 1D inmeppepomemp, cunmes 3D inmepghepomempa, cunoepama, Kymoguii
PO3NOOIN IHMEHCUBHOCTII.
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Introduction. The task of constructing the angular distributidrth@ intensity of
radio radiation of objects in the celestial sphisrene of the main tasks of radio astro-
nomy. For these purposes, interferometry and itiquéer the technology of aperture
synthesis, which is based on the application ofuhe Zittert—Zernike theorem, is
widely used [1]. It boils down to the joint procegs of data obtained by many two-
element (1D) interferometers. Assuming monochrorpatnpolarized radio radiation
and a narrow field of view, the measured valuethefcomplex visibility function are

the Fourier components of the sky brightness, Wbanaples(u,v) are projections of

the baseline of each pair of antennas on a plarpepeéicular to the line of sight [2].
That is, indirect measurement in Fourier spacemgléemented. At the same time, a
local object in the spatial domain requires amitdi number of such measurements to
correctly solve the inverse problem. Thereforejoter methods of interpolation and
processing of incomplete data are used. The qualitige reconstruction results signi-
ficantly depends on the set of bases of the antsystam, the applied methods, and the
satisfaction of the conditions of a number of agprations, including: approximation
of a plane wave, approximation of the delta-coti@aof the source points, approxi-
mation of the object field of view to the plane dimditation of its dimensions, appro-
ximation of quasi-monochromaticity, approximatiohtbe homogeneity of the me-
dium of wave propagation, approximation of the ctetgmess of filling the area of
interferometric bases. A number of methods have bleseloped to reduce the impact
of not fulfilling these approximations, includinghdersampling and deconvolution,
isoplanatism [3], spectral behavior [4], non-coplaty [5, 6], direction-dependent ca-
libration effects [7], etc. In addition, the rectmstion of radio images belongs to the
class of inverse incorrect problems and ensuringtitbility requires special methods [8].
A fundamentally different point of view of the pielm is considered in [9], which
provides a geometric justification for the methdddwect image reconstruction. The
resulting solution is not limited to a narrow fietd view, does not require the flat
scene of the object, and allows simultaneous obsiervof many objects, both close
and distant, with the determination of the distatwéhem. It is shown that all inter-
ferometric systems are reduced to a single canloioica corresponding to the rank of
the base vector system. The conclusion that thessacy rank of the interferometric
system should be three for use in three-dimensigpede is substantiated. For this you
need at least four antennas located accordingly.pétper notes the possibility of syn-
thesizing several separate interferometers into syséem with the possibility of in-
creasing the rank. This approach was developetiOfy \here it is shown that with the
help of a 1D interferometer placed on the east-Vimstand the use of the Earth’s rota-
tion, it is possible to observe radio sources whiiseance is significantly greater than
the size of the interferometric base. In this cas2D interferometer is synthesized, and
in the approximation of large distances, the 30cepaan be projected onto the equato-
rial plane with a reduced dimension, that is, to R shown that with such an obser-
vation scheme, the interferometer performs a tvmeedisional Radon transformation of
the angular distribution of radio radiation intépsBut the very projection of the ce-
lestial sphere onto the plane leads to ambiguitiye-resulting solutions will be sym-
metrical relative to this plane, which makes itfidiflt to observe sources near the
celestial equator. In addition, it is not alwaysgible to ensure the placement of the
interferometer antennas strictly on the east-wegt ITherefore, applying a similar
technigue — using the rotation of the Earth, wé @dhsider the possibilities of obser-
vations with the help of a 1D interferometer afaliént orientations of the base vector.

Rotating two-element (1D) interferometer.Let the interferometer be formed by
two antennas, the first of whichA() is placed at the coordinate origin, and the sécon

(A) sets the radius vector of the interferometricebds= AA . By F; we denote the
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vector from the location point of the antenAga to the point in space specified by the
radius vectorr (Fig. 1). Then:

F=d+f. 1)
The difference in distances from a point in spacehe antennas of the inter-
ferometerl is written in the form

l=r-n (2)

(here and in the future, we will denote
the length of the corresponding vector
by symbols without a vector icon).

Note that-d <l <d .

Let the function f (') be defined

in the entire space and decay quickly
enough to infinity (so that the
corresponding improper integrals are
convergent). Then the transformation
carried out by the interferometer can
be conveniently represented using the
Dirac delta function

G(1.d)=[3(r-r-1)f(F)dr. (3

The integration here is carried out

Fig. 1. Rotating 1D interferometer.

over the entire spacel = dxdydz .

As shown in [9], in this form, the two-element irfiegometer is suitable for sol-
ving the problems of object localization in 1D spabut in higher-dimensional spaces
the solution of the equation is multi-valued. Tisi® hyperbola in the case of 2D space
and a two-cavity hyperboloid in 3D space, alongolhihe integration in (3) takes
place.

Alternatively, the synthesis of a higher-rank ifdeometer (that is, an interfero-
meter whose base vector system has a higher raskion several 1D interferometers
is considered there. Provided that the analyzetlatpene is quasi-stationary, one
interferometer can be used as several interferomdbeat with a moving antenn4y,
which allows us to consecutively obtain information interferometer base vectors of

different orientations.
In the general case, the law of motion of the hastor of the interferometer can
be quite complex to ensure certain qualities of ghistem, but we will consider a

simple rotating interferometer. Let the antenaperform a uniform motion in a circle
parallel to thexOy plane with an angular frequenay such that changes in the 3D
scene can be neglected in one revolution. We gleeenter of the circle on thez
axis, and denote the angle between the axis ofiantand the base vectat by a .
The base vectod in this case describes a straight circular core feas a constant
length. Then you can write in the coordinate form

d(wt) =(dsina coswt d sim simt d cas). (4)

The rank of the interferometer synthesized in thés/ can take several values
depending on the angle . So, ata =0° and ata =180C°, the 1D interferometer
simply rotates around its axis, which does notaffts response. Ati =90°, a 2D
interferometer is implemented, this case correspdndhe one discussed in detail in
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[10]. At all other values of the angle, a 3D interferometer is synthesized, which
allows us to localize objects in three-dimensiapace [9].

Assume thatf (F) is equal to zero everywhere, with the exceptiommd point
S, whose radius vector is in spherical coordina’ges(rs,es,(ps), or in rectangular
ones:
Fs = (rsSinBs cops s s sims 1y ca). (5)
Taking into account (1) and (2), the expressiontfier difference in distancdg
from the pointfg to the antennas of the interferometer will haveftirm

l(t) = 1g =12 +d? - 2rd (), (6)

or, after writing the scalar produ(‘st&(wt) in coordinate form

ls(oot) =1 —\/rs2 +d? - 2rd sina sinBg cofwt — @) - 2d cos o . @)

Expression (7) obtained in its general form camuseful in a number of fields of
science and technology, for example, for solvingatmn problems, in ultrasonic flaw
detection, in systems of technical vision. Butéstore radio images using the Earth’s
rotation and a ground-based interferometer, itésessary to take into account its
complex motion.

Ground-based 1D interferometer using the Earth’s rt¢ation. The ground-ba-
sed interferometer is significantly distant frone tBarth’s axis of rotation. In addition,
together with the Earth, it moves in an orbit amuhe Sun, performing a complex
spiral movement. A detailed account of such movergpossible, but quite difficult,
therefore, in radio astronomy, in view of the ladjetances to radiation sources, the
plane wave approximation is widely used [1]. Witlistapproximation, it is assumed
that the response of the interferometer does ik on the position of the interfero-
meter, but only on its orientation relative to tfieection of the source. This makes it
possible to neglect the movement of the interfetemi@ space during the observation

time and align all the vectors of the interferor’rmebasesa(wt) at one point. Then the

task is reduced to the one discussed above. Wrigemient to take the center of the
Earth or the pole as the origin of the coordin@tdsere the antenna of the interfero-
meter is located). The axis of rotation of the basetor of the interferometer corres-
ponds to the axis of rotation of the Earth, andahegle of inclination of the base vector
relative to the axis of rotation is determined lobsa the ground coordinates of the
antennas, taking into account their geographicaitipn. Moreover, if this angle is
preserved, then the orientation of the base vextdhe Earth’s surface is of no special
importance. That is, when applying the plane waweraximation, the terrestrial 1D
interferometer is characterized by two parametethe-value of the interferometric
base and the angle of its inclination to the akithe Earth rotation.

The plane wave approximation has an important apresgce. In this case, the
approximation of large distances>>d is performed for any possible ground bases.
This allows us to significantly simplify calculatis. Let's rewrite expression (7) as
follows:

\/rsz +d? - 2r,d sina sinBg cofwt — ;) - Bd cos clg =rs —Ig(wt). (8)
After squaring both parts of equation (8), we get
d? - 2r,d sina sinBg cofwt — @) - Bd cos cfg =15 (wt) - rds(wt). 9)
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y | d? 15 (wt)
Let's divide equation (9) by and neglect the expressioas- and =—— due

rS rS
to their smallness. Then it will look like:

| (wt) =dsina sinBg cogwt —¢s)+d cos cd, (10)
and after dividing both parts by and markingng =IES andy =wt:

Ns (W) =sina sinBg cogy — @)+ cos cdk. (11)
Thus, takinga as a parameter, the dependemg@.u) for sources with coordi-

natesBg and @ are sinusoids with amplitudes proportionabin®g . In this way, they
are similar to the Radon signogram, but have ogeifgiant difference. These sinu-
soids are shifted from zero by an amount propaalida cos. If for the 2D inter-

ferometer on the sinogram the sources with cooteind, @) and (T-8g,q;)

merged into one sinusoid, i.e. there was ambiguityy they are separated due to the
presence of the second term in (11). This is thedipate part of the transformation.
That is, for the source S, the transformation @ifferent from zero on the line given
by the Dirac delta function, the argument of whigkletermined by expression (11).

Theorem about Radon transform. Let's formulate and prove the following
theorem.

Theorem.In the long-distance approximation, a 3D interfeeter synthesized by
a rotating 1D interferometer realizes the Radonsfiam of the angular distribution of
radiation intensity.

Proof. As it is easy to see, the resulting expression {d1he scalar product of

vectorsd (4) and s (5) divided by the product of their lengths. Dengtthe unit

vector in the direction of the base vecﬁ)rz% and the unit vector in the direction of

the radius vector of the space pomFL, on the basis of (11) we write the relative
r

difference in distances from the space point toefleenents of the interferometer in
the form

(12)

=

Il
=)
S

Then by analogy with (3)
G(n.A)=[3(Ap-n) f(p)dp, (13)
where dp = dxdydz . Integration here takes place over a sphere pfadius, on which the

radiation intensity function in angular coordinate§p) = f (siné cosp ,si® sip , cdd)

is defined. To proceed to integration over therengépace, we assume that it is zero
everywhere outside the sphere. Then the transfamaiill take a form that coincides
with the definition of the multidimensional Radoarnsform [11]:

G(n,A)=[3(AF -n) f (F)dr. (14)
Thus, the transformatio® is a Radon transform, which had to be proved.

CONCLUSION
Observations in three-dimensional space using @nf@amometer generally require
a corresponding rank of the base vector systerhefirtterferometric system. One of
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the ways to solve such a problem is consideredyubia rotation of a 1D interferome-
ter, which forms an angle with the axis of rotatidhe rank of the base vector system
of the interferometric system synthesized in thés/wan be one when the interferome-
ter is placed parallel to the axis of rotation, twioen they are perpendicular, and three
in other cases. Then the sequential synthesis30f mterferometer is possible. For it,
an analytical expression of the performed transédion in general form is obtained.
Note that the ambiguity inherent in 2D interferoemstis eliminated by tilting the
interferometer at an angle to the axis of rotatibime two-dimensional representation
of one-dimensional projections, depending on thatian angle, then takes the form of
a sinogram.

The use of a rotating 1D interferometer can beulsafa number of fields of
science and technology, for example, for solvingatmn problems, in ultrasonic flaw
detection, in technical vision systems. But to gestradio images using the Earth’s
rotation and a ground-based interferometer, iteisessary to take into account its re-
sulting complex motion. First of all, it is the fabat the center of rotation of the inter-
ferometer does not lie on the axis of rotationhaf Earth. The problem is solved by the
application of the plane wave approximation, whigtoften used in radio astronomy.
Then the equations can be significantly simplifiidis shown that in this case the
synthesized 3D interferometer performs the Radamstorm of the angular structure of
the spatial image. This gives the possibility ofvsm the inverse problem in known
and well-researched ways.
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